In self assembled III-V semiconductor quantum dots, valence holes have longer spin coherence times than the conduction electrons, due to their weaker coupling to nuclear spin bath fluctuations. Prolonging hole spin stability relies on a better understanding of the hole to nuclear spin hyperfine coupling which we address both in experiment and theory in the symmetric (111) GaAs/AlGaAs droplet dots. In magnetic fields applied along the growth axis, we create a strong nuclear spin polarization detected through the positively charged trion X + Zeeman and Overhauser splittings. The observation of four clearly resolved photoluminescence lines -a unique property of the (111) nanosystems -allows us to measure separately the electron and hole contribution to the Overhauser shift. The hyperfine interaction for holes is found to be about five times weaker than that for electrons. Our theory shows that this ratio depends not only on intrinsic material properties but also on the dot shape and carrier confinement through the heavy-hole mixing, an opportunity for engineering the hole-nuclear spin interaction by tuning dot size and shape.
Introduction. The spin coherence of carriers in semiconductor quantum dots (QDs) is limited by interactions with the nuclear spin bath fluctuations because the carrier and nuclear spins are efficiently coupled through the hyperfine interaction [1] [2] [3] . In III-V semiconductors the strength of the hyperfine interaction for valence holes is about one order of magnitude weaker than that for the conduction electrons due to the different symmetry of the Bloch amplitudes [4, 5] . This results in longer hole spin coherence times and makes the hole spin in QDs an excellent candidate for quantum state manipulations [6] [7] [8] [9] [10] [11] . Further engineering of the hole hyperfine interaction is needed to achieve even longer spin coherence times [12] , both for epitaxially grown and gate defined quantum dots that confine single holes [13] . However, the hole hyperfine coupling is experimentally difficult to access, the challenge is to separate spectroscopically the weaker hole-nuclear spin interaction from the stronger electron hyperfine interaction [14] . Measurements of heavy hole hyperfine constants for holes were performed on QD ensembles [6, 15, 16] and for individual QDs in several material systems, namely, InP/GaInP [12, 17] and InGaAs/AlGaAs QDs [12, 18] , as well as in GaAs/AlGaAs interface fluctuation dots [12] . In these experiments, the hole hyperfine coupling constant was measured only in particular QDs with very low point symmetry using "forbidden" transitions to detect the Overhauser splittings of dark exciton states.
Here we propose a new approach to measure and eventually engineer the hyperfine interaction for the heavy hole spins in QDs. As a model system we use the strain free GaAs/AlGaAs QDs grown by the droplet epitaxy on (111)A substrates, in contrast to conventional [001]-grown samples used in all the previous studies on the hole hyperfine interaction. As a result of the specific trigonal C 3v symmetry of the dots four different exciton states are observed in the magneto-photoluminescence (magneto-PL) as well-separated lines [19, 20] of the positively charged trion X + , a complex formed of two holes with antiparallel spins and an unpaired electon, in a magnetic field applied along the growth axis [111], see Fig. 1 . The presence of four lines allows one to separately measure the electron and hole Overhauser shifts for every QD in our system. For the investigated dots we extract a ratio of the heavy hole to electron hyperfine interaction constants C eff /A ≈ 0.2, which is different in both amplitude and sign compared to the recent studies on [001]-grown GaAs dots [12] . For the standard (001) QDs the heavy hole hyperfine coupling with a given nucleus is determined by a single constant, mainly determined by the Bloch amplitude [5, 12, 21] . As we theoretically show, this is not the case for the (111) QDs: Here the heavy hole hyperfine interaction is governed by two constants and the effective Overhauser splitting is strongly affected by the envelope function. Hence, the hyperfine interaction for holes can be engineered by growing dots with different size and shape [22] . An additional advantage of (111) QDs is very strong dynamic nuclear polarization (DNP) [23] in this strain free system [24] : In particular, the induced Overhauser splitting of the electron spin sublevels largely exceeds their Zeeman splitting.
Samples and Experimental Set-up. The sample we study is the same as in Ref. 25 . It was grown by droplet epitaxy using a standard molecular beam epitaxy system [19, [26] [27] [28] . Starting from the n + -GaAs(111)A substrate, the sample consists of 50-nm n-GaAs (Si: 10 18 cm −3 ), 100-nm n-Al 0.3 Ga 0.7 As (Si: 10 18 cm −3 ), 20-nm Al 0.3 Ga 0.7 As tunnel barrier, GaAs QDs, 120-nm Al 0.3 Ga 0.7 As, 70-nm Al 0.5 Ga 0.5 As, and 10-nm GaAs cap. In this model system dots are truly isolated as they are not connected by a 2D wetting layer [23, 26] , contrary to Stranski-Krastanov dots and dots formed by quantum well interface fluctuations [29] . A semitransparent Ti/Au layer with a nominal thickness of 6 nm serves as a Schottky top gate.
The single dot PL is recorded at T=4 K with a home build confocal microscope with a detection spot diameter of 1 µm [20, 23] . The detected PL signal is dispersed by a double spectrometer and detected by a Si-CCD camera with the spectral precision of 1 µeV. Nonresonant optical excitation used for initial dot characterization is achieved by pumping the AlGaAs barrier with a HeNe laser at 1.96 eV. For intra-dot quasi-resonant excitation typically 1 LO-phonon above the transition energy, a tunable cw Ti-Sa laser (nominal laser FWHM=40 µeV) is used. The laser polarization control and PL polarization analysis are performed with Glan-Taylor polarizers and liquid crystal waveplates. Magnetic fields up to 9 T can be applied parallel to the growth axis [111] which is also the angular momentum quantization axis and the light propagation axis (Faraday geometry). All results presented here apply to the positively charged trion X + .
Results and Discussion. Using a charge tunable device, one can study independently positively charged trions X + , neutral excitons X 0 and negatively charged trions X − , see Fig. 1a and Refs. [25, 30] for details. The carrier-nuclear spin interaction is probed through the X + radiative recombination with the PL circular polarization P c = (I σ+ − I σ− )/(I σ+ + I σ− ) directly proportional to the average spin z-component of the unpaired electron, P c = −2S z . Here I σ+ , I σ− are the integral intensities of the circularly polarized components of the X + PL emission. Performing LO-phonon assisted excitation of the trion ground state with a σ + polarized laser, we observe a highly σ + polarized emission of the X + trion with P c > 80% [31] . Application of a longitudinal magnetic field B z || [111] results in four optically allowed emission lines, two lines per each circular polarization [19, 20] , see A completely different behaviour of the PL lines is observed for the circularly polarized excitation which results in optical pumping of carrier and nuclear spins, see Fig. 1e . First of all, we observe an additional Overhauser shift (OHS) of the PL lines proportional to the effective magnetic field B n z experienced by the carriers due to the nuclear spin polarization [32] . Secondly, at B z = B cr ≈ 3.4 T the order of the four transitions changes abruptly: at B z < B cr the outer spectral lines are substantially weaker than the inner lines (Fig. 1d) , whereas for B z > B cr the strong intensity lines become the outer ones (Fig. 1f) , as in the case of linearly polarized laser excitation. The abrupt jumps of the PL lines at B z = B cr indicate the nuclear spin polarization collapse and inefficiency of DNP. This is a direct signature of the non-linear carrier-nuclear spin interaction observed already in other QD systems [2, [33] [34] [35] [36] and illustrated in more detail in the supplement [31] . Moreover, according to Fig. 1d , at B z < B cr the effective nuclear field B n,e acting on the electron spin is larger in magnitude and opposite in sign to B z . As a result, the order of electron spin-up and spin-down levels is reversed compared to the case where the DNP is absent, Figs. 1b,f. At B z = B cr the DNP collapses and the normal order of the four optically allowed transitions is restored. The critical field B cr for the nuclear polarization collapse varies from dot to dot and, in this nanosystem, takes values between 2 T and 4 T.
Next we show that the hole hyperfine interaction constant can be measured by analysing the four well separated lines due to the X + optical recombination. We recall that the four emission lines rather than two appear in magneto-PL from magneto-induced heavy-hole mixing, the effect related with the trigonal, C 3v , point symmetry of (111) QDs [19] . The Zeeman effect for heavy holes is thus governed by two g-factors, g h1 and g h2 , describing the diagonal and off-diagonal contributions to the effective Hamiltonian in the basis of | ± 3/2 states,
where
are the effective heavy-hole spin matrices [19, 20] . Due to nonzero value of g h2 , the hole states are mixtures of the | ± 3/2 basic states enabling four radiative recombination channels for the X + trion, see Fig. 1c . As a result, the QD symmetry provides a natural optical access to all four exciton states and allows us to measure precisely the separate heavy-hole and electron contributions to the Overhauser shifts. In contrast, the [001]-grown dots with the C 2v symmetry show only two emission lines for excitons in a magnetic field applied in the Faraday geometry [37, 38] . If the symmetry of [001]-grown dots is reduced to C s or C 2 , e.g., due to a QD distortion or an in-plane strain, two extra lines appear allowing one to separate the hole and electron Overhauser shifts in these very particular dots, as in Refs. [12, 17] . On the other hand, a deviation from the C 3v symmetry of many [111]-grown dots in our samples is negligible and they are excellent sources of entangled photon pairs (biexciton-exciton cascade) [39] . The four transitions that we use here are all optically allowed for perfectly symmetric C 3v dots and therefore the hole and electron Overhauser shift determination does not rely on finding an exotic dot with reduced symmetry. Further details of the electron and hole OHS extraction are presented in the Supplementary information [31] . Particularly, the hole contribution to the OHS is clearly seen for the two typical dots from different samples, see Fig. 2 . In the presence of DNP the electrons and holes experience Overhauser shifts quantified as additional contributions ∆ hy,e = A I z and ∆ hy,h = C eff I z to the electron and hole Zeeman splittings, respectively, Fig. 2(e) . Here I z is the average nuclear spin projection on the z-axis [2] , A and C eff are the effective electron and hole hyperfine coupling constants. The experiment allows us to extract the ratio C eff /A ≈ 20% for typical dots, see Fig. 2 , which is the average value taken from measurements in the magnetic field range where the Overhauser field is fairly constant. An eventual weak dependence of the coefficient C eff on B z is discussed in the supplement [31] . Surprisingly, our measured ratio C eff /A ≈ 20% is about four times larger than the value reported for GaAs/AlGaAs interface fluctuation dots [12] and, moreover, in InGaAs dots the values of about one tenth with the opposite sign were reported [12, 18] .
This unexpected result is due to the C 3v point symmetry of the (111) dots which dictates the following form of the hole-nuclei interaction Hamiltonian [31] 
Like the Zeeman Hamiltonian (1), the hyperfine interaction for holes is described by two constants, C 1 and C 2 , the latter being responsible for the heavy-hole mixing induced by the Overhauser field. For sufficiently strong external magnetic fields such as
, the heavy-hole spin states are defined by the Zeeman effect, and the hyperfine Hamiltonian (2) can be treated as a small perturbation with respect to Eq. (1). In this case one has
It follows then that the heavy-hole hyperfine interaction in the dots under study is defined not only by the material constants C 1 and C 2 but also, through the effective gfactors g h1 and g h2 , by the dot size and shape. A possible origin of C 2 can be the cubic anisotropy contributions to the hyperfine coupling [12] as well as orbital contributions caused by an admixture of light-hole to heavy-hole states (further analysis is beyond the scope of this paper) [31] . We stress that this is a major difference compared to the previous studies on hole-nuclear spin interaction which used the [001]-grown QDs, where the size and shape of the QD only weakly affects the C eff /A ratio. Conclusion. In summary, in the symmetric [111]-grown GaAs droplet dots we measure, without the need in symmetry breaking, the hole hyperfine constant to be ∼5 times smaller than the electron one. Using symmetry considerations we have shown that the sign and amplitude of the hole hyperfine interaction constant in the dots of the C 3v symmetry reveal an important advantage as compared to the standard (001) QD systems investigated so far. The hole hyperfine constant in the (111) quantum dots is sensitive to the dot geometry through the lightheavy-hole mixing opening the way for engineering the hole-nuclear spin interaction [22, 40] .
We Experimentally, for optical orientation of chargecarrier and nuclear spins we use quasi-resonant, circularly polarized excitation. In our charge tunable device, we select a bias region where the positively charged trion X + emission dominates. As the two holes form a spin singlet, the average polarization P c of the X + PL emission is determined by the electron spin projection S z as P c = −2S z . This allows us to measure the electron spin polarization via the circular polarization degree of the PL and the nuclear spin polarization via the Overhauser shift [33] . If we plot both quantities as a function of the applied magnetic field B z we see the bistable behaviour typical of the charge carrier spin system coupled to the nuclear spins via the hyperfine interaction [2, [33] [34] [35] [36] . In Fig. 1 of the main paper we only plot the sweep with increasing field direction, which shows the dynamic nuclear polarization (DNP) collapse at B z = 3.4 T . The measurements of the hole and electron contribution to the hyperfine interaction are carried out well before the collapse, at magnetic fields B z around 2 T in Fig. 2 of the main text. 
II. HEAVY-HOLE AND ELECTRON HYPERFINE HAMILTONIANS IN (111) QUANTUM DOTS A. General symmetry analysis
We recall that in the (111) QDs with the C 3v point symmetry the electron Kramers doublet transforms according to the two-dimensional irreducible representation Γ 4 , while the heavy-hole doublet transforms according to the reducible representation Γ 5 ⊕ Γ 6 [? ]. As a result, the effective Hamiltonians of hyperfine interaction can be conveniently expressed via the corresponding electron spin-1/2 and hole-pseudospin-1/2 operators represented by the sets of the Pauli matrices σ (e) = (σ The Ga and As isotopes have nuclear spins I = 3/2. Therefore, nuclear states transform according to the reducible representation Γ 4 ⊕ Γ 5 ⊕ Γ 6 . The splittings of nuclear states with |I z | = 1/2 and |I z | = 3/2 are controlled by quadrupolar interactions, which are expected to be minor in our strain-free QDs. Hence, it is convenient to describe the nuclear spin as a pseudovector I = (I x , I y , I z ) composed of the angular momentum 3/2 matrices and treat quadrupolar effects for nuclei separately. By contrast, in our QDs the splitting between the heavy-and light-hole states is substantial, 10 meV [20, 25] , therefore it suffices to focus on the heavy-hole doublet only. Table I presents the combinations of basic matrices of angular momentum 3/2 transforming according to the irreducible representations of the C 3v point group. Additionally, we marked the combinations in accordance to their parity under the timereversal. Table I : Combinations of basic matrices I = 3/2 transforming according to the irreducible representations of C3v point symmetry group, z C3, σv is the (xz)-plane.
Representation
Time reversal Basic matrices Γ1 (identity) even I (unit 4 × 4); I It follows then that, in the C 3v point group, the matrices σ y ) form the basis of twodimensional representation Γ 3 and are also odd with respect to the time inversion. Making use of Tab. I we derive the hyperfine Hamiltonian for an electron (H hy,e ) with a single nucleus parametrized by the six coefficients A , A , A , A ⊥ , A ⊥ , A ⊥ and has the following form
In the isotropic approximation A = A ⊥ and other parameters vanish. Note that, in general, the bulk hyperfine Hamiltonian for the electron has the form σ (e) · (AI + A I 3 )/2 described by two constants, with the I 3 = (I 3 z ) in the cubic axes frame x , y , z . The second contribution nonlinear in I is small and usually disregarded. The terms with A , A ⊥ , A and A ⊥ are allowed in the uniaxial approximation. The remaining terms (with A and A ⊥ ) result from the trigonal symmetry of the quantum dot. These terms describe noncollinear coupling of the electron and nuclear spins, which may result, e.g., in the nuclear spin relaxation and "dragging" of QD transition with the laser at a resonant excitation [2] . Note, that the light-hole hyperfine interaction is described by the Hamiltonian of the same form as Eq. (4) because the light hole states transform according to the two-dimensional irreducible representation Γ 4 .
For heavy holes, the basic matrices σ (h) z and σ (h)
x transform according to the Γ 2 irreducible representation of the C 3v point group, while the matrix σ (h) y is invariant under all point-group transformations and is odd at time reversal. As a result, the effective heavy-hole hyperfine coupling Hamiltonian, H hy,h , assumes the form
It is noteworthy that all coefficients C l (l = 1..7) except for C 1 and C 3 are related with the trigonal symmetry of the dot; particularly the terms proportional to C 2 and C 4 may result in the hyperfine-coupling induced heavy-hole spin relaxation. Noncollinear terms, as corresponding terms in the electron Hamiltonian (4), may be derived in the high-order perturbation theory. In the following we focus on the coefficients C 1 and C 2 involved in the description of the optical orientation of spins along the z axis in the longitudinal magnetic field B.
B. Relation with the bulk hyperfine coupling
The hyperfine interaction of the electron (hole) and nuclear spins is dominated by the Bloch functions of the charge carriers in the vicinity of the nucleus [41? ? ] . Therefore, it could be expected that the main contributions to the hyperfine interaction Hamiltonians, Eqs. (4), (5), result from the averaging of the bulk Hamiltonian over the charge carriers wavefunctions. In particular, the heavy-hole hyperfine coupling is described in the T d point symmetry relevant to the bulk GaAs by the general Hamiltonian where we retain only linear in nuclear spin I terms:
where we use the coordinate frame
related to the cubic crystallographic axes, and, to shorten the notations,
A is the isotropic hyperfine coupling constant for the electron, M 1 and M 2 are dimensionless parameters. To derive this Hamiltonian we use the fact that the pseudovectors J , I, J 3 transform according to the same F 1 irreducible representation of the T d point group. In the Hamiltonian (6) we leave only contributions, which are odd in components of J and I and lead to the splitting of the hole spin sublevels. In bulk semiconductors, the isotropic part of the hole hyperfine interaction, proportional to the M 1 , has been addressed in a number of works, see, e.g., Refs. [5, 21, 41] , microscopically it can be derived taking into account the dipole-dipole interaction of nuclear spins with the hole states assuming atomic-like p-shell orbital Bloch functions X (r), Y(r) and Z(r) of the valence band. In Ref. [12] it has been pointed out that the T d symmetry allowed admixture of d-shell atomic orbitals to p-shell in orbital functions yields M 2 = 0.
Transformation of Eq. (6) to the reference frame x, y, z, relevant to the (111) QDs results in the effective Hamiltonian
and yields the following expressions for the hyperfine constants of the localized hole:
whereM p andM d are the parameters of the microscopic theory of Ref. [12] , which describe the contributions of p-and d-symmetry components in the atomic part of the Γ 8 -hole Bloch function.
C. Account for the heavy-light-hole mixing
The values of C 1 and C 2 are modified if one takes into account the heavy-light-hole mixing in the studied dots. The two ground spin states of the heavy-hole in the C 3v dots can be presented as linear combinations of the |±3/2 and |±1/2 Bloch functions [20] Ψ (hh) ± (r) = S(r) |±3/2 ±αP ± (r) |±1/2 +βP ∓ (r) |∓1/2 .
(9) Here S(r) is a function which is invariant under C 3v point-group operations (the scalar representation Γ 1 ), and two pairs of functions [P + (r), P − (r)], [P + (r), P − (r)], P + = P * − , P + = P − * , form two bases of irreducible representation Γ 3 . The functions P ± (r), P ± (r) are assumed to be normalized to unity, α and β Eq. (9) are real dimensionless constants describing the admixture of the lighthole, |Γ 8 , ±1/2 , states to the heavy-hole, |Γ 8 , ±3/2 , ones.
Noteworthy, in the uniaxial approximation P ± ∝ exp (±iϕ) and P ± ∝ exp (∓2iϕ), where ϕ is the azimuthal angle of the position vector r. In trigonal QDs, however, the second harmonics transform in the same way as the first ones, and the function pairs P ± and P ± have same angular dependence ∝ exp (±iϕ), exp (∓2iϕ).
By projecting Hamiltonian (7) at I x = I y = 0 onto Ψ ± states we obtain the corrected values of the hyperfine constants:
where the Q = drP + (r)P − (r). For an axially symmetric system, the product P + (r)P − (r) is proportional to exp (3iϕ) and the integral Q vanishes. Therefore this integral can serve a measure of the QD triangularity. Equations (10) demonstrate that in trigonal QDs the heavylight hole mixing results not only in a renormalization of the "diagonal" hyperfine coupling constant C 1 , the effect known for standard (001) QDs [12, 21] , but also in an appearance of nonzero C 2 , even neglecting cubic anisotropy terms in the bulk Hamiltonian (6). We stress that this effect is absent in standard (001) QDs where Q vanishes from the symmetry arguments.
III. HEAVY-HOLE OVERHAUSER SHIFT IN EXTERNAL MAGNETIC FIELD

A. Interplay of Overhauser and Zeeman effects
We will now analyze the heavy-hole Overhauser shift in the presence of external longitudinal magnetic field B = (0, 0, B z ). A heavy-hole localized in a C 3v dot experiences a joint action of the hyperfine field described by H hy,h [see Eq. (5)], and the external magnetic field described by the Zeeman Hamiltonian [19] 
Here g h1 and g h2 are the two effective heavy-hole gfactors; the microscopic theory of these parameters is developed in Ref. [20] . We note that at at the nonzero magnetic field B z and average value I z = 0, both the hyperfine (H hy,h ) and the Zeeman (H Z ) Hamiltonians couple the heavy holes with the ±3/2 angular momentum projections onto the z-axis. The eigenenergies of the total Hamiltonian H hy,h + H Z are given by
(12) It is worth to mention that, for the optical transitions from the initial X + state with the electron spin s = ±1/2 to the final single-hole state ±, the Zeeman and hyperfine contributions to the photon energy is given by sµ B B z + ε ∓ .
We define the Overhauser shift as the difference:
Here g h µ B B z is the Zeeman splitting of the hole spin levels, i.e., the splitting at I z = 0, g h = g 2 h1 + g 2 h2 . Under experimental conditions the Zeeman splitting caused by the external field exceeds by far the Overhauser shift for holes making it possible to reduce Eq. (13) to
with
in agreement with Eq. (3) of the main text. In this limit the hole spin states are fixed by the magnetic field and the nuclear effect can be evaluated in the first-order perturbation theory. Interestingly, the effective hyperfine coupling constant depends both on the magnitude and sign of g h2 . Note that, contrary to conventional [001]-grown quantum dots, the effective hyperfine constant C eff in the (111) dots depends not only on the material characteristics C 1 and C 2 , but also, through g h1 and g h2 , on the particular dot size and shape. It is worth to mention that, as it follows from Eq. (13), the Overhauser shift is a nonlinear function of the nuclear spin polarization I z and depends on the external field B z for fixed I z . This results in a weak dependence of C eff defined by Eq. (14) on the magnetic field as demonstrated in Fig. 2 of the main text.
B. Numeric estimations of hyperfine constants and comparison with experiments
Let us introduce the effective nuclear fields B The analysis of intensities of lines gives g e > 0 and g h1 < 0 in our dots [42] , moreover, as follows from Fig. 1(b) of the main text, g e /g h ∼ 0.1. Assuming |C eff |/A = 0.2 we obtain B (14) and (15) . Now we turn to estimating the values of the hole hyperfine constants C 1 and C 2 given by Eq. (8) and C eff given by Eq. (15) . A hole in the dot experiences interaction with both Ga and As nuclei, therefore the hyperfine constants should be averaged over the spin polarization of two nuclei species. Assuming equal spin polarizations of the Ga and As nuclei, we obtain A (Ga) + A (As) .
The values of the electron hyperfine constants are well established [2] : A (Ga) = 42 µeV and A (As) = 46 µeV.
The hole hyperfine coupling constants are still debated in the literature. The detailed fitting of the present experimental data and the data of Ref. [12] should be carried out in a consistent manner and it is beyond the scope of the present work. Here, to illustrate that such the fitting may result in an agreement we take, for instance,
